Abstract. We develop a conservative, second order accurate fully implicit discretization of ternary (three-phase) Cahn-Hilliard (CH) systems that has an associated discrete energy functional. This is an extension of our work for two-phase systems [13] . We analyze and prove convergence of the scheme. To efficiently solve the discrete system at the implicit time-level, we use a nonlinear multigrid method. The resulting scheme is efficient, robust and there is at most a 1 st order time step constraint for stability. We demonstrate convergence of our scheme numerically and we present several simulations of phase transitions in ternary systems.
Introduction
Since most commercial alloys are based on at least three components, an understanding of ternary phase transitions is of great practical importance. The ternary Cahn-Hilliard (CH) system is the prototypical continuum model of phase separation. This system was originally proposed by Morral and Cahn [15] to model threecomponent alloys. Phase separation occurs, for example, when a single phase homogeneous system composed of three components, in thermal equilibrium (e.g. at a high temperature), is rapidly cooled to a temperature T below a critical temperature T c where the system is unstable with respect to infinitesimal concentration fluctuations. Spinodal decomposition then takes place and the system separates into spatial regions rich in some components and poor in others.
In binary mixtures, there has been much algorithm development and many simulations of the CH equation (e.g. see the recent papers [5] , [6] , [13] for references).
In multicomponent (more than two) mixtures, there have been fewer simulations. Numerical simulations of phase transitions in multicomponent have been performed by Eyre [9] , Blowey et al. ([1] , [2] , [3] , [4] , and [7] ), and Copetti [8] . In [9] , a modified Newton method to solve the implicit finite difference system for the solution at the new time step is used. In [7] , an implicit finite element method with a non-linear Gauss-Seidel type iteration is used. In [8] , an explicit finite element method is used.
One of the main difficulties in solving the CH system is the high-order (fourth order) time step constraints for explicit methods. Thus, implicit methods are desired. However, the solution of the implicit equation can be costly when a Newton's (or Newton-like) method is coupled with a linear solver. In addition, one would like the numerical scheme to have an associated discrete energy functional consistent with that of the continuous level. The existence of such a functional provides an additional measure of stability of the scheme. The schemes given in [7] had discrete energy functionals only for restricted values of ∆t. Recently, we have developed nonlinear multigrid methods [13] to solve binary CH systems in which the scheme has a discrete energy functional for every value of ∆t. An advantage of using a nonlinear multigrid method is that the scheme is much more efficient than traditional iterative solvers in solving the nonlinear equations at the implicit time step.
In this paper, we build upon on our results for two phase systems [13] and develop a finite difference scheme that inherits mass conservation and energy dissipation properties from the continuous level. It is highly desirable to have a discrete energy functional because this can be used to prove that the numerical solution is uniformly bounded with respect to the time and space step sizes. From this, it follows that the scheme is stable. We prove convergence of the numerical scheme and demonstrate 2 nd order accuracy numerically. We then apply the scheme to simulate phase transitions in ternary media. In one case, we show that a two-phase microstructure in binary media can be de-stabilized by the addition of a small amount of a third component, leading to a system in which a homogeneous mixture has the lowest energy and thus the microstructure dissolves upon addition of enough of third component. In another case, we consider a ternary system in which the 3 rd component adsorbs to an interface. The third component behaves like a surfactant in that the excess energy associated with the interface decreases as more of the component accumulates at the interface. We view this work in this paper as preparatory for studies of multiphase fluid flows with 3 or more components [12] .
The contents of this paper are as follows. In Section 2, the governing equations are presented. In Section 3, we derive the discrete scheme, demonstrate the existence of a discrete energy functional and prove stability and convergence of the algorithm. In Section 4, we present numerical experiments.
Governing equations
The composition of a ternary mixture (A, B, and C) can be mapped onto an equilateral triangle (the Gibbs triangle [16] ) whose corners represent 100% concentration of A, B or C as shown in Fig. 2.1(a) . Mixtures with components lying on lines parallel to BC contain the same percentage of A, those with lines parallel to AC have the same percentage of B concentration, and analogously for the C concentration. In Fig. 2.1(a) , the mixture at the position marked '•' contains 60% A, 10% B, and 30% C (The total percentage must sum to 100%). Assuming that evolution is isothermal, the ternary CH model is as follows [15] .
Let c = (c, d) be the phase variable (i.e. concentration), then
where
Here we denote by ∂ i c ∂ j d F the i-th and j-th partial derivatives of F (c) with respect to c and d, respectively. M (c) is the mobility, µ = (µ 1 , µ 2 ) is the generalized chemical potential, and F (c) is the Helmholtz free energy which is nonconvex if T < T c , to reflect the coexistence of separate phases and > 0 is a nondimensional measure of non-locality due to the gradient energy (Cahn number) and introduces an internal length scale (interface thickness).
Here, for simplicity, we consider a constant mobility 1 (M ≡ 1) and we use the quartic free energy 2 F (c) on the Gibbs triangle, which is defined by
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The contours of the free energy F (c) projected onto the Gibbs triangle are shown in Fig. 2 .1 (b). Note the energy minima at the vertices and the maximum at the center. Two important features of the system (2.1) and (2.2) are the conservation of the mass and the existence of a Lyapunov (energy) functional, E, which is given by
when the natural boundary conditions are applied
where n is the normal unit vector pointing out of Ω. The initial condition is c(x, 0) = c 0 (x). 
We then define the discrete Laplacian by
and the discrete L 2 inner product by
For a grid function c defined at cell centers, D x c and D y c are defined at cell-edges, and we use the following notation
to represent the discrete gradient of c. We can define an inner product for ∇ h c on the staggered grid by
We also define discrete norms associated with (3.2) and (3.3) as
The time-continuous, space-discrete system that corresponds to (2.1-2.4) is
) and boundary conditions are implemented using (3.1). We discretize (3.4) in time by the scheme 
Although these series expansions result in somewhat complicated expressions, they are easy to implement and the expansions allow us to prove that the fully discrete scheme has a non-increasing energy functional for any value of the time step ∆t. In contrast, in Appendix B, we introduce an alternative (Crank-Nicholson) scheme, in which the scheme is much more straightforward. However, we are only able to prove that the Crank-Nicholson scheme has an associated non-increasing energy for restricted values of ∆t [11] .
Analysis of Scheme.
In this subsection, assuming that the nonlinear system at the implicit time step is solvable, we establish the mass conservation and demonstrate that the energy functional is non-increasing in time. Moreover, we demonstrate the convergence of the scheme at a fixed time. We first show the mass conservation and energy dissipation in the next Lemma.
} is the solution of (3.5) and (3.6) and the discrete energy functional is given by
and
Proof. The mass conservation is straightforward by using summation by parts. Indeed,
It remains to show the second assertion. First, multiplying µ n+ 1 2 and c n+1 − c n to (3.5) and (3.6), we obtain the following two identities:
(3.11) Since the first identity (3.10) is straightforward, we only verify the second one (3.11). Indeed,
The second term on the right side is calculated as follows:
This completes the derivation of (3.11). Now we consider
where we used the identities (3.10) and (3.11). We abbreviate
for simplicity. Using Taylor expansions, we have
where we used
Note that the last term is non-positive. Therefore, using the identity above, we have
This completes the proof of assertion (3.9).
Next we demonstrate the convergence of the scheme at a fixed time. Let u n denote the continuous solution and c n = (c n , d n ) discrete solution, respectively and we denote e n = u n − c n . Here we remark that since discrete energy is bounded, it can be easily seen that a numerical solution c n is bounded. Since this argument is straightforward, the details are omitted. Now we are ready to prove the following error estimate. 
Proof. Using the numerical scheme, we obtain
where ∂ t e m = (e m+1 − e m )/∆t, τ m is the discretization error, and
Forming the inner product with e It remains to estimate the second term. Using a similar argument, we obtain
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where C depends on the boundedness of the numerical solution (see Lemma A.1 in Appendix A for the details). Using the factorization and Young's inequality, we get
The next step is to estimate (c m+1 − c m ) 2 2 . Adding and subtracting the continuous solution, we have
where we again used the fact that discrete and continuous solutions are bounded. Since the continuous solution u is smooth, the second term is estimated as follows:
Summing up all the estimates above, we obtain where τ = max 0≤k≤n−1 τ k . Multiplying ∆t to both sides and simplifying, we obtain
where we used the fact that n∆t ≤ T and τ ≤ C(h 2 + ∆t 2 ). Since ∆t can be chosen such that 1 − C∆t > 0, according to the discrete version of Gronwall's inequality, we obtain e n ≤ C(h 2 + ∆t 2 ). This completes the proof.
Numerical solution.
We use a nonlinear Full Approximation Storage (FAS) multigrid method to solve the nonlinear discrete system (3.5) and (3.6) at the implicit time level. The nonlinearity is treated using one step of Newton's iteration and a pointwise Gauss-Seidel relaxation scheme is used as the smoother in the multigrid method. This is a generalization of two-phase FAS Cahn-Hilliard equation solver we developed in [13] . Following a similar analysis as in [13] , it can be shown that the convergence of the multigrid method can be achieved with ∆t ≤ ∆t 0 , where ∆t 0 depends only on physical parameters and is independent of the grid size. Typically, we take ∆t ∼ ∆x to be safe. We describe the algorithm in Appendix C in detail for completeness.
Numerical experiments

Convergence test.
We consider a ternary system in a one dimensional domain, Ω = [0, 1]. To obtain an estimate of the rate of convergence, we perform a number of simulations for a sample initial problem on a set of increasingly finer grids. The initial data is The numerical solutions are computed on the uniform grids, ∆x = 1/2 n for n = 6, 7, 8, 9, and 10. For each case, the calculations are run to time T = 0.2, the uniform time steps, ∆t = 0.1∆x and = 0.005, are used to establish the convergence rates. Since we use a cell centered grid, we define the error to be the discrete l 2 -norm of the difference between that grid and the average of the next finer grid cells covering it:
The rate of convergence is defined as the ratio of successive errors: Case 64-128 rate 128-256 rate 256-512 rate 512-1024 l 2 9.69e-3 2.54 1.66e-3 2.11 3.86e-4 2.03 9.43e-5
The errors and rates of convergence are given in table 4.1. The results suggest that the scheme is indeed second order accurate. In Fig. 4 .1, the time evolution of the energy E(c) with the same initial data (4.1) is shown accompanied with plots of concentrations (dotted line: c, solid line: d, and dashed line : 1-c-d). Note that the early stages of evolution, the curves for c and d overlap. At later times, all three phases separate. As expected from lemma 3.1, the energy is non-increasing and tends to a constant value. This is in fact a local equilibrium for Neumann boundary conditions. A global equilibrium consists of two interfaces since the components do not mix. 
Linear stability analysis.
Following the linear stability analysis in [7] , we seek a solution of the form
where m = (m 1 , m 2 ) and |α k (t)|, |β k (t)| 1. After linearizing ∂ c F (c) and
Substituting these into (2.1) and (2.2) and letting m 1 = m 2 = m for simplicity, then, up to first order, we have c t = (7.5m 2 − 4m + 0.5)∆c + (6m
After substituting c = m + α(t) cos(kπx) and d = m + β(t) cos(kπx) into (4.2) and (4.3), we get
The solution to the system of ODEs is given by
And eigenvalues of A are In the first experiment (Fig. 4.4 (a) ), where m = 0.22 (λ 1 > 0 and λ 2 < 0), initially the third phase 1 − c − d dominates. At early times, the evolution tends toward the development of a 5-mode dominated two-phase structure with c ≈ d, which is consistent with linear theory (see Fig. 4.4 (a) , t = 0.5). However, as the evolution proceeds, competition among the three phases leads to the development of a fully three-phase microstructure at t = 10.0. Note the tendency of one of the components to accumulate at interfaces (see also [10] ).
In the second experiment (Fig. 4.4 (b) ), m = 0.4 (λ 1 < 0 and λ 2 > 0), the evolution again proceeds much like that of a binary system where the c and d phases separate creating a 6-mode dominated microstructure while the third (1− c− d) phase remains nearly constant (see Fig. 4.4 (b) , t = 0.5). At later times (t = 10.0), the three phases fully separate with the third phase existing at the c and d interfaces and in the region 0.0 < x < 0.15.
In the third experiment ( (Fig. 4.4 (c) ), where m = 0.05 (λ 1 < 0 and λ 2 < 0), the initial perturbation is not large enough to stimulate domain growth. Instead the perturbation is damped and the evolution tends toward a homogeneous mixture (see Fig. 4.4 (c), t = 2.0) . 
Phase transition.
Next, we study a phase transition by adding a third component to a phase-separated binary system that then results in the dissolution of the separate phases. The free energy F (c) of the system is defined as follows:
Figs. 4.6(a) and 4.6(b) show the surface and contour plots of free energy F (c, d) from Eq. (4.6), respectively. When the third component is absent (c + d = 1), the free energy is double-welled with minima at c = 0 and d = 0. Thus, the binary system tends to phase-separate. When the third component is present, there is a global minimum in the center of the Gibbs triangle. Thus, the phases can mix uniformly when enough of the third component is added.
We consider an initial configuration given by
where 0.25 lies in the spinodal region ( Fig. 4 .7 shows the concentration c at different times during the evolution. By time t = 1.56, the binary microstructure is created. At this point the evolution is stopped and we add some of the third component as follows.
First, we replace the half of the component d (in the exterior of the circular c-phase domains) with the third component. The average concentration ('*') is located on the Gibbs triangle in Fig. 4.6 (b) . Fig. 4.8 shows the time evolution of each component during the succeeding evolution. Observe that the microstructure dissolves. Fig. 4.9 shows the evolution of the total and interface energy throughout the whole process (case 1). Note that the time scale for dissolution is much faster than that for phase separation.
In the second example (case 2), we replace 1 10 of component d by the third component at t = 1.56. The average concentration ('+') is located on the Gibbs triangle in Fig. 4.6 (b) . Fig. 4 .10 shows the time evolution of each component during the succeeding evolution. Observe that while the microstructure dissolves somewhat, complete dissolution does not occur. This can also be seen in Fig. 4.9 where it is demonstrated that the interface energy for this case remains non-zero (unlike case 1). The reason the microstructure does not completely dissolve in case 2 is that not enough of the third component was added.
Surfactant.
In this section, we provide an example of microphase separation in which one of the components accumulates at an interface separating two immiscible components. The idea here is to model the effects of a surfactant. The free energy we consider here is Note that here since we want d to accumulate at the interface, we drop the condition that the third component is given by 1 − c − d. Further, in (4.9), s is a scalar factor.
We consider an initial configuration given by 2 . The surface tension is 0.00428 − 0.08d 2 [14] . The inscribed figures correspond to equilibrium states.
Conclusion
In this paper, we have developed and proved the convergence of a 2 nd order accurate finite difference numerical scheme for ternary CH systems. This is a natural extension of our previous work [13] on binary mixtures. The scheme has a discrete energy functional. We have used a FAS nonlinear multigrid method to solve the discrete system accurately and efficiently. We applied the scheme to simulate phase transitions in ternary media. We showed that a two-phase microstructure in binary media can be de-stabilized by the addition of a small amount of a third component, leading to a system in which a homogeneous mixture has the lowest energy and thus the dissolution of the microstructure. We also considered a ternary system in which the 3 rd component adsorbs to an interface, resulting in decreases of the excess energy associated with the interface as more of the component accumulates at the interface.
We view the work presented here as preparatory for a study of 3-component liquids. In a companion paper [12] , we will couple the ternary CH model to the equations of fluid flow to simulate the dynamics of flows consisting 3 components. Appendix A. Verification of (3.14) . In this appendix, we verify (3.14) in Theorem 3.2. We recall F (c), which is given by
Then, we have Lemma A.1.
where C depends on the uniform boundedness of numerical solution c k for all k. 
Recalling the expression ofφ, we obtain 
